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1. Introduction
Let Ω be a domain in Cn and E be a closed subset of Ω . The problem of ﬁnding geometric characterizations of E and
Ω such that continuous functions on E can be approximated uniformly on compact sets by holomorphic functions on Ω is
classical. An obvious necessary condition is E must have empty interior. The celebrated Stone–Weierstrass theorem asserts
that it is always possible if Ω = Cn and E is a totally real subspace of Cn (e.g. E = Rn). Using the methods of solving the ∂
with L2-estimates, Hörmander and Wermer proved in the 60s of last century that the approximation is again possible if Ω
is a pseudoconvex domain in Cn and E is a totally real submanifold of Ω i.e., the real tangent space of E at every points
contains no complex lines. Clearly, it is a far reaching generalization of the above mention theorem of Stone and Weierstrass.
See [2, Chapter 17] for more details in this matter. Note that, by the work of Harvey and Wells in [9], the condition on E
can be rephrased as E is locally contained in the zero set of some non-negative smooth strictly plurisubharmonic function.
This fact has been used by Berndtsson in [3], together with a delicate technique on solving ∂-equations with L2-estimates,
to obtain a qualitative version of Hörmander–Wermer’s theorem.
The aim of this paper is to study approximation on E of forms with continuous coeﬃcients by smooth ∂-closed forms
on Ω . More speciﬁcally, we denote by C(0,q)(Ω) (resp. L2(0,q)(Ω), C∞(0,q)(Ω)) the set of (0,q)-forms on Ω with continuous
(resp. square integrable, smooth) coeﬃcients. Let E be a smooth real hypersurface in Ω . We concern with suﬃcient condi-
tions on E and Ω such that for every u =∑′| J |=q u J dz J ∈ C(0,q)(Ω), every compact K ⊂ E , and ε > 0 there exists a ∂-closed
form v =∑′| J |=q v J dz J ∈ C∞(0,q)(Ω), such that∫
K
|u − v|2 dλE :=
∑′
| J |=q
∫
K
|u J − v J |2 dλE < ε,
where dλE is the surface measure on E .
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the approximation possible. Namely, we consider the case where Ω has a q-subharmonic exhaustion function and E is the
zero set of certain q-subharmonic function. For the precise deﬁnition and properties of q-subharmonic functions we refer
the reader to the next section. We should say that the concept of q-subharmonic functions has been used already in the
work of L.-H. Ho [7] in connection with the problem of solving the ∂-equations on domains which are not necessarily
pseudoconvex (see also [1] and [6]).
One draw back in our approach is that we are unable to pass from L2-approximation to uniform approximation. The
main reason is that given a continuous (0,q − 1)-form u we have no control on sup-norm of (coeﬃcients of) u in terms of
L2-norms of u and sup-norm of ∂u. This fact is only available in case q = 1 i.e., u is a continuous function (see Lemma 16.7
in [2]).
The main result of the article says roughly that there exists a sequence E of smooth hypersurfaces in Ω converging to E
such that given a continuous form u on Ω and ε > 0, there exists some ∂-closed form v on Ω that approximates u within
ε on some element of E . Under some additional conditions so that hypersurfaces in E can be transformed biholomorphically
to E , we can prove that approximation actually holds on E .
2. Preliminaries
Let Ω be a domain in Cn . An upper semicontinuous function u : Ω → [−∞,∞), u ≡ −∞ is called q-subharmonic if for
every q-dimensional complex plane L in Cn,u|L is a subharmonic function on L ∩ Ω . The latter statement means that for
every compact subset K  L ∩ Ω and every continuous harmonic function h on K such that u  h on ∂K , it follows that
u  h on K .
The set of all q-subharmonic functions on Ω is denoted by SHq(Ω). It is easy to see that SHq−1(Ω) ⊂ SHq(Ω) and
SHn(Ω) (resp. SH1(Ω)) coincides with the class of subharmonic (resp. plurisubharmonic) functions on Ω .
The main technical diﬃculty while dealing with q-subharmonic functions is that q-subharmonicity does not preserve
under holomorphic transformations. In analogy with the concept of strictly plurisubharmonic functions, we introduce the
following
Deﬁnition 2.1. We say that a q-subharmonic function (not necessarily smooth) ϕ is strictly q-subharmonic function in Ω
if there exists a continuous, positive function h on Ω such that ϕ − (infU h)|z|2 is q-subharmonic on U for all open sets
U Ω .
We list below some characterizations for q-subharmonicity.
Proposition 2.2. Let Ω be a domain in Cn and let q be an integer with 1 q  n. Let u : Ω → [−∞,∞) be a C2 smooth function.
Then the following statements are equivalent:
(i) u is a q-subharmonic function.
(ii) i∂∂u ∧ωq−1  0, where ω := i∂∂|z|2 , ωk := ωk/k!.
(iii) For every smooth (0,q)-form f =∑′| J |=q f J dz J , we have
∑′
|K |=q−1
n∑
j,k=1
∂2u
∂z j∂zk
f jK f kK  0.
Proof. The proof follows the same lines as for plurisubharmonic functions (see [1,6,7]). For the reader convenience we give
a proof of (i) ⇔ (ii). (i) ⇔ (iii) follows from Theorem 1.4 and Lemma 1.2 in [7].
(i) ⇒ (ii) It remains to prove i∂∂u ∧ωq−1  0. Let u ∈ SHq(Ω) and z0 ∈ Ω . By [5, Chapter IX], we can choose a system
of coordinates (z1, . . . , zn) of Cn such that the Hessian ( ∂
2u
∂z j∂zk
(z0)) is diagonal. Assume that H ⊂ Cn is a q-dimensional
plane of Cn with z0 ∈ H . Then by the hypothesis u|Ω∩H is subharmonic on Ω ∩ H then ∑k∈K ∂2u∂zk∂zk (z0)  0 for all K =
{k1,k2, . . . ,kq} ⊂ {1,2, . . . ,n}. It follows that i∂∂u(z0)∧ωq−1  0. Hence, i∂∂u(z)∧ωq−1  0 for all z ∈ Ω .
(ii) ⇒ (i) Assume that i∂∂u(z) ∧ωq−1  0 for all z ∈ Ω . Let L be a q-dimensional plane of Cn . Since i∂∂u(z) ∧ωq−1  0,
z ∈ Ω it follows i∂∂u(z)∧ωq−1  0, z ∈ Ω . Hence u ∈ SH(Ω ∩ L). Thus u ∈ SHq(Ω). 
The following result collects basic properties of q-subharmonic functions that will be used later on.
Proposition 2.3. Let u ∈ SHq(Ω). Then we have:
(i) For any convex increasing function χ on the range of u we have χ ◦ u ∈ SHq(Ω). Moreover, χ ◦ u is strictly q-subharmonic in
Ω if χ ′ is strictly increasing and u is strictly q-subharmonic in Ω .
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∫
Cn
ρ dλ = 1. Then the convolution u ∗ ρε ,
where ρε(z) = ρ(z/ε)/|ε|2n, is smooth q-subharmonic on Ωε := {z ∈ Ω: d(z, ∂Ω) > ε}. Moreover, u ∗ ρε decreases to u on Ω
as ε ↓ 0.
(iii) For any linear unitary change of coordinates ϕ : Cn → Cn, the function u ◦ ϕ ∈ SHq(Ω).
The result (iii) can be found in [7, Lemma 1.2]. The proofs of other statements are standard and will be left to the reader.
As a consequence of the above characterizations, we give classes of q-subharmonic and strictly q-subharmonic functions.
Proposition 2.4. Let q be an integer with 1 q  n and let λk, k = 1,2, . . . ,q are complex numbers such that ∑qk=1 |λk|2 > 0 and
λ j = 0, j = q + 1, . . . ,n. Then the function
ϕ(z) = 2
{

( q∑
k=1
λkzk
)}2
+
n∑
k=q+1
|λkzk|2
is 1-subharmonic and strictly q-subharmonic on Cn. Moreover, if q > 1 then ϕ is not strictly (q − 1)-subharmonic on any open set
of Cn.
Proof. By direct computation we have
i∂∂ϕ = i
( q∑
j=1
λ j dz j
)
∧
( q∑
k=1
λk dzk
)
+
n∑
k=q+1
|λk|2i dzk ∧ dzk
=
q∑
j,k=1
λ jλki dz j ∧ dzk +
n∑
k=q+1
|λk|2i dzk ∧ dzk.
Hence, ϕ is 1-subharmonic on Cn . Now we prove that ϕ is strictly q-subharmonic on Cn . Indeed, assume that f =∑′
| J |=q f J dz J is a (0,q)-form. Then we have
∑′
|K |=q−1
n∑
j,k=1
∂2ϕ
∂z j∂zk
f jK f kK
=
∑′
|K |=q−1
q∑
j,k=1
λ jλk f jK f kK +
∑′
|K |=q−1
n∑
k=q+1
|λk|2| fkK |2
=
∑′
|K |=q−1
∣∣∣∣∣
q∑
k=1
λk fkK
∣∣∣∣∣
2
+
∑′
|K |=q−1
n∑
k=q+1
|λk|2| fkK |2

∑′
K⊂{1,2,...,q}, |K |=q−1
∣∣∣∣∣
q∑
k=1
λk fkK
∣∣∣∣∣
2
+
∑′
|K |=q−1
n∑
k=q+1
|λk|2| fkK |2
min
{ q∑
k=1
|λk|2, |λq+1|2, . . . , |λn|2
}
| f |2.
Thus ϕ − C |z|2 is a q-subharmonic function on Cn , where
C = min{
∑q
k=1 |λk|2, |λq+1|2, . . . , |λn|2}
q
,
and hence, ϕ is strictly q-subharmonic. Finally, we prove that ϕ is not strictly (q−1)-subharmonic on any open set Ω of Cn .
Assume otherwise, then there exist an open set Ω of Cn and a constant C > 0 such that ϕ(z)−C |z|2 is (q−1)-subharmonic
on Ω . By Proposition 2.2 we get
i∂∂ϕ ∧ωq−2 − C(q − 1)ωq−1 = i∂∂
(
ϕ − C |z|2)∧ωq−2  0. (2.1)
Let α be the elementary non-negative form deﬁned by
α = i
( q∑
λ j dz j
)
∧
( q∑
λk dzk
)
∧ i dzq+1 ∧ dzq+1 ∧ · · · ∧ i dzn ∧ dzn.j=1 k=1
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−C(q − 1)
q∑
j=1
|λ j|2  0,
and we get a contradiction, because i∂∂ϕ ∧ α = 0. The desired conclusion follows. 
We also have the following curious result about a constraint for q-strict subharmonicity.
Proposition 2.5. Let Ω ⊂ Cn be an open set, a ∈ Ω and assume that ϕ ∈ C2(Ω) be a real-valued function. Then for every C2 smooth
function χ such that χ ′(ϕ(a)) = 0, the function χ ◦ ϕ is not strictly (n− 1)-subharmonic function on any neighborhood of a.
Proof. Assume otherwise, then there is a constant C > 0 such that
i∂∂(χ ◦ ϕ)(a)∧ωn−2  Cωn−1 (2.2)
where ω := i∂∂|z|2, ωk := ωk/k!. Note that
i∂∂(χ ◦ ϕ) = iχ ′(ϕ)∂∂ϕ + iχ ′′(ϕ)∂ϕ ∧ ∂ϕ. (2.3)
We consider two cases follows.
Case 1. ∂ϕ(a) = 0. From (2.2) and (2.3), we have
Cωn−1  0.
This is impossible.
Case 2. ∂ϕ(a) = 0. From (2.2) and (2.3), we have
0ωn < C
∣∣∂ϕ(a)∣∣2ωn = iCωn−1 ∧ ∂ϕ(a)∧ ∂ϕ(a)
 i∂∂(χ ◦ ϕ)(a)∧ωn−2 ∧ i∂ϕ(a)∧ ∂ϕ(a)
= iχ ′(ϕ(a))∂∂ϕ(a)∧ωn−2 ∧ i∂ϕ(a)∧ ∂ϕ(a)
+ iχ ′′(ϕ(a))∂ϕ(a)∧ ∂ϕ(a)∧ωn−2 ∧ i∂ϕ(a)∧ ∂ϕ(a)
= 0ωn.
We use the facts that χ ′(ϕ(a)) = 0 and ∂ϕ(a) ∧ ∂ϕ(a) = 0 in the two last equalities. Thus we get a contradiction and the
desired conclusion follows. 
This section ends up with the following notion which is analogous to pseudoconvexity.
Deﬁnition 2.6. A domain Ω ⊂ Cn is said to be q-convex if there exists q-subharmonic exhaustion function on Ω .
According to Ho (see Deﬁnition 2.1 in [7]), a smoothly bounded domain Ω is called weakly q-convex if Ω has a deﬁning
function ρ such that for every x0 ∈ ∂Ω
∑′
K
∑
i, j
∂2ρ
∂zi∂z j
uiK u jK  0
for every (0,q)-form u =∑′J u j dz J such that∑
1in
∂ρ
∂zi
uiK = 0, ∀|K | = q − 1.
It is shown in Theorem 2.4 in [7] that weakly q-convex domain is q-convex in our sense. We do not know if every
q-convex domains admit a smooth strictly q-subharmonic exhaustion function. The weaker result below, however, is suﬃ-
cient for our purpose in the last section.
Proposition 2.7. Let Ω be a q-convex domain in Cn. Then we can write Ω = ⋃∞j=1 Ω j such that each Ω j has a smooth strictly
q-subharmonic exhaustion function.
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the open sets U j := {u < a j} satisfy U j  U j+1 Ω . Next, for each j we choose δ j > 0 so small that
d(U j−1, ∂U j) > δ j, d(U j, ∂U j+1) > δ j, U j+1 Ωδ j ,
where Ωδ j := {z: d(z, ∂Ω) > δ j}. Put
u j(z) :=
∫
Ω
u(ζ )ρδ j (z − ζ )dλ(ζ ), for z ∈ Ωδ j .
Since u < u j on Ωδ j we deduce that
Ω j :=
{
z ∈ Ωδ j : u j(z) < a j
}⊂ U j  U j+1 Ωδ j ⊂ Ω.
We claim that U j−1 ⊂ Ω j . Indeed, let z ∈ U j−1. Then we have B(z, δ j) ⊂ U j and, hence,
u j(z) =
∫
B(z,δ j)
u(ζ )ρδ j (z − ζ )dλ(ζ ) < a j.
This proves the claim, and therefore, Ω =⋃∞j=1 Ω j . Finally, it is easy to see that Ω j is a q-convex domain with the smooth
strictly q-subharmonic exhaustion function ϕ j(z) := 1a j−u j(z) + |z|2. We are done. 
3. Approximation on hypersurfaces
We start by proving the following simple fact saying roughly that even on real hyperplane, approximation of integrable
forms is not always possible.
Proposition 3.1. Let E be a real hyperplane in Cn (n  3), and 1  q  n − 2. Then there exist a compact subset K of E and u ∈
C∞
(0,q)(C
n) such that u cannot be approximated uniformly on L2(K ) by ∂-closed elements of C∞
(0,q)(C
n).
Proof. We use some ideas from the proof of Theorem 1.1.6 in [4]. For simplicity we only give a proof for n = 3, q = 1. By a
linear change of coordinates, we may assume that E = R × C2. Denote by B the closed unit ball in C2. Set K = [0,1] × B.
Choose a smooth function g on C2 such that g is not holomorphic on B.
Assume that there exists a sequence of ∂-closed forms
u j = f j dz1 + g j dz2 + h j dz3 ∈ C∞(0,1)
(
C
3),
that converge to u = g dz2 in L2(K ). Then we have
lim
j→∞
∫
K
|u j − u|2 dλ = 0.
It follows that∫
K
(|g j − g|2 + |h j|2)dλ → 0 as j → ∞. (3.1)
By Fubini’s theorem we can rewrite (3.1) as follows:
lim
j→∞
1∫
0
(∫
B
(∣∣g j(t, z′)− g(z′)∣∣2 + ∣∣h j(t, z′)∣∣2)dλ(z′))dt = 0,
where z′ = (z2, z3). This implies that
lim
j→∞
1∫
0
(∫ ∣∣g j(t, z′)− g(z′)∣∣2 dλ2(z′))dt = 0
B
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j→∞
1∫
0
(∫
B
∣∣h j(t, z′)∣∣2 dλ2(z′))dt = 0.
By passing to a subsequence we may assume that for almost every t ∈ [0,1] the sequences g j(t, ·) and h j(t, ·) converge to
g and 0, respectively in L2(B). In particular, this holds for some t0 ∈ [0,1]. Set
g˜ j
(
z′
) := g j(t0, z′), h˜ j(z′) := h j(t0, z′).
Then g˜ j and h˜ j converge to g and 0 respectively in L2(B). Since ∂u j = 0, we deduce that
∂ g j
∂z3
= ∂h j
∂z2
on C3.
It follows that
∂ g˜ j
∂z3
= ∂h˜ j
∂z2
on C2.
On the other hand, in the sense of distribution, we have on Int(B)
∂ g
∂z3
= lim
j→∞
∂ g˜ j
∂z3
= lim
j→∞
∂h˜ j
∂z2
= 0.
This is a contradiction to the choice of g . The proof is complete. 
The main result of the paper is the following theorem which seems to be new even in the case q = 1.
Theorem 3.2. Let Ω be a q-convex domain in Cn and ϕ be a smooth strictly q-subharmonic function. Let Ω ′ ⊂ Ω be an open subset.
Suppose that there exists t0 ∈ R satisfying the following conditions:
(i) (s, t0) ⊂ ϕ(Ω) where s := infΩ ϕ .
(ii) dϕ = 0 on the open set {s <ϕ < t0}.
(iii) sups<x<t0
∫
Ω ′∩{ϕ=x} dλEx < ∞, where dλEx is the surface measure of Ex := {z: ϕ(z) = x}.
(iv) Ω ′ ∩ {ϕ < t0} is relatively compact in Ω .
Then there exists a sequence {xk} ↓ s such that for every form u ∈ C(0,q−1)(Ω), k0  0 and ε > 0, there exist k  k0 and a ∂-closed
form uk ∈ L2(0,q−1)(Ω) with smooth coeﬃcients satisfying∫
Exk∩Ω ′
|u − uk|2 dλExk < ε.
Remarks. 1. In view of the technical diﬃculty mentioned in the introduction, we are unable to get approximation on a ﬁxed
smooth real hypersurface. Nevertheless, in some special cases, it is possible to do so. See Corollary 3.3 and Corollary 3.4.
2. The conclusion of Theorem 3.2 is still valid in case Ω is a 1-convex (pseudoconvex) domain and ϕ = ϕ˜ ◦ H where
H is a biholomorphic maps from Ω onto H(Ω) and ϕ˜ is strictly q-subharmonic on H(Ω). Indeed, it suﬃces to apply the
theorem to the 1-convex domain H(Ω) and the strictly q-subharmonic function ϕ˜ . Since ∂-closeness is invariant under
biholomorphisms we have the desired conclusion.
3. Given the notation in Theorem 3.2, let u ∈ L2(0,q−1)(Ω) be such that the restriction of u on every hypersurface {ϕ = t},
s < t < t0 is square integrable with respect to the surface measure. Then ε > 0, there exist k  k0 and a ∂-closed form
uk ∈ L2(0,q−1)(Ω) with smooth coeﬃcients satisfying∫
Exk∩Ω ′
|u − uk|2 dλExk < ε.
This follows easily from the fact that continuous functions are dense in the space of square integrable functions (on smooth
hypersurfaces).
Theorem 3.2 will be proved in the following section. We now will apply this theorem for approximation on graphs
deﬁned by zero set of strictly q-subharmonic functions.
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strictly q-subharmonic in U × C, where z = (z′, zn), zn = xn + iyn. Let
E = {z: yn = ρ(z′, xn), (z′, xn) ∈ U × R}.
Let V be a relatively compact open subset of U × R. Then for every ε > 0, and every u ∈ C(0,q−1)(U × C) whose coeﬃcients do not
depend on yn, there exists a ∂-closed smooth form v ∈ L2(0,q−1)(Ω) such that∫
E∩(V×R)
|u − v|2 dλE < ε.
Proof. Let Ω := U ×C. Then Ω is q-convex in Cn . Note that dϕ = 0 on Ω . Therefore, applying Theorem 3.2 to Ω ′ := V ×R,
we see that there exist c ∈ R and a ∂-closed smooth form v ∈ L2(0,q−1)(Ω) such that∫
Ec∩Ω ′
|u − v|2 dλEc < ε,
where Ec := {z ∈ Ω: ϕ(z) = c} and dλEc denotes the surface measure. Consider the translate of coordinates give by
z′j = z j, j = 1, . . . ,n − 1; z′n = zn + ic.
Observe that under this change of coordinates V × R is invariant, the form v remains closed, coeﬃcients of u are not
change, and Ec transforms to E , we complete the proof. 
Corollary 3.4. Let E be a real hyperplane in Cn. Then for every ε > 0, every ball B(0, R) and every form u ∈ L2(0,n−1)(Cn) such
that coeﬃcients of u|E are locally square integrable with respect to the surface measure dλE , there exists a ∂-closed smooth form
v ∈ L2(0,n−1)(Cn) such that∫
B(0,R)∩E
|u − v|2 dλE < ε.
Proof. By a linear change of coordinate we may assume that E is the zero set of ϕ(z) = zn . Note that dλE is a Lebesgue
in R2n−1. By taking convolutions of u with suitable smoothing kernels (on R2n−1), we may assume that u has smooth
coeﬃcients. Note that d(ϕ2) = 0 on Cn \ E . Moreover, by Proposition 2.4, ϕ2 is strictly n-subharmonic in Cn . Therefore, by
Theorem 3.2 applied to ϕ2, Cn and B(0, R + 1) we get δ > 0 and a ∂-closed form vδ ∈ L2(0,n−1)(Cn) such that∫
Eδ∩B(0,R+1)
|u − vδ|2 dλEδ < ε,
where Eδ = {z: ϕ(z) = −δ} (:= E−δ ) ∪ {z: ϕ(z) = δ} (:= E+δ ) and dλEδ denotes the surface measure. Moreover, δ > 0 can be
chosen as close as 0 as we like. This implies that∫
E+δ ∩B(0,R+1)
|u − vδ|2 dλEδ < ε.
Observe that E+δ can be transformed to E after a translate of coordinates. Since under this change of coordinates, the
form vδ remains closed and since coeﬃcients of u are uniformly continuous on B(0, R) (we can let δ → 0). The proof is
complete. 
4. Proof of Theorem 3.2
Our proof is inspired from [3] where similar technique on solving ∂-equations with weights has been used in proving
uniform approximation of continuous functions on zero sets of strictly plurisubharmonic functions by holomorphic function.
In order to prove Theorem 3.2, ﬁrst we need the following fact which exploits the role of q-convexity.
Lemma 4.1. Let Ω be a q-convex domain in Cn and ϕ ∈ C∞(Ω) be a strictly q-subharmonic function on Ω as in Deﬁnition 2.1. Let
g ∈ L2(0,q)(Ω, e−ϕ) be a ∂-closed form on Ω . Denote by v the solution of ∂v = g in L2(0,q−1)(Ω, e−ϕ) with minimal norm. Then we
have
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|v|2e−ϕ  1
q
∫
Ω
|g|2
h
e−ϕ, (4.1)
provided that the right-hand side is ﬁnite.
Moreover, if g has smooth coeﬃcients then v so is.
For a real-valued function ϕ  0 on Ω and an integer q with 0 q  n, we denote by L2(0,q)(Ω, e−ϕ) the Hilbert space
equipped with the inner product
(u|v)ϕ :=
∫
Ω
∑′
J
u J v J e
−ϕ dλ,
where u =∑′J u J dz J , v =∑′J v J dz J are (0,q)-forms and dλ is the Lebesgue measure in R2n (we sometimes remove dλ to
avoid having too many scripts).
Proof. The proof follows closely the line given in [8]. For the reader convenience we give a detailed proof. We may assume
that the right-hand side of (4.1) equal to 1. The proof is split into two steps.
Step 1. We will prove that there is a solution u ∈ L2(0,q−1)(Ω, e−ϕ) with ∂u = g and∫
Ω
|u|2e−ϕ  1
q
∫
Ω
|g|2
h
e−ϕ. (4.2)
Since Ω is a q-convex domain in Cn by Proposition 2.7, Ω =⋃∞l=1 Ul such that each Ul has a smooth strictly q-subharmonic
exhaustion function. Fix l  1 and a smooth, strictly q-subharmornic function s in Ul such that Ka = {z ∈ Ul: s(z) < a} Ul
for all a ∈ R. We ﬁx a > 0 and choose ην ∈ D(Ul), ν = 1,2, . . . such that 0  ην  1 and Ka+1 ⊂ {ην = 1} ↑ Ul as ν ↑ ∞.
Choose ψ ∈ C∞(Ul), ψ  0 such that ψ vanishes in Ka and |∂ην |2  eψ for every ν = 1,2, . . . . Pick a convex increasing
function χ such that χ = 0 on (−∞;a), χ ◦ s 2ψ and
(
χ ′ ◦ s) ∑′
|K |=q−1
∑
j,k
∂2s
∂z j∂zk
f jK f kK  (1+ a)|∂ψ |2| f |2
for every (0,q)-form f =∑′| J |=q f J dz J . If put γ = ϕ + χ ◦ s and ϕ j = γ + ( j − 3)ψ , j = 1,2,3, we have
∑′
|K |=q−1
∑
jk
∂2γ
∂z j∂zk
f jK f kK 
∑′
|K |=q−1
∑
jk
∂2ϕ
∂z j∂zk
f jK f kK + (1+ a)|∂ψ |2| f |2. (4.3)
The ∂-operator induces densely deﬁned operators T , S between Hilbert spaces
L2(0,q−1)
(
Ul, e
−ϕ1) T :=∂−→ L2(0,q)(Ul, e−ϕ2) S:=∂−→ L2(0,q+1)(Ul, e−ϕ3).
For every f ∈ D(0,q)(Ul) computed as in [8] we obtain
|S f |2 =
∑′
| J |=q
∑
j
∣∣∣∣∂ f J∂z j
∣∣∣∣2 − ∑′
|K |=q−1
∑
jk
∂ fkK
∂z j
∂ f jK
∂zk
(4.4)
and
eψ T ∗ f = −
∑′
|K |=q−1
∑
j
(
δ j f jK + f jK ∂ψ
∂z j
)
dzK
where
δ j w = eγ ∂
∂z j
(
we−γ
)= ∂w
∂z j
− w ∂γ
∂z j
.
Therefore
∑′
|K |=q−1
∣∣∣∣∑
j
δ j f jK
∣∣∣∣2 
(
1+ 1
a
)
e2ψ
∣∣T ∗ f ∣∣2 + (1+ a)|∂ψ |2| f |2 (4.5)
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Ul
∑′
|K |=q−1
∣∣∣∣∑
j
δ j f jK
∣∣∣∣2e−γ =
∫
Ul
∑′
|K |=q−1
∑
jk
(
∂2γ
∂z j∂zk
f jK f kK + ∂ fkK
∂z j
∂ f jK
∂zk
)
e−γ .
Combining this with (4.3), (4.4) and (4.5) we obtain∫
Ul
∑′
|K |=q−1
∑
jk
∂2ϕ
∂z j∂zk
f jK f kK e
−γ dλ
(
1+ 1
a
)∥∥T ∗ f ∥∥2
ϕ1
+ ‖S f ‖2ϕ3 . (4.6)
Moreover, since ϕ − (infB(a,r) h)|z|2 is a q-subharmonic function in every B(a, r) Ul so we have
q
(
inf
B(a,r)
h
)
| f |2 
∑′
|K |=q−1
∑
jk
∂2ϕ
∂z j∂zk
f jK f kK
in B(a, r). Let r → 0 we get
qh| f |2 
∑′
|K |=q−1
∑
jk
∂2ϕ
∂z j∂zk
f jK f kK
and by (4.6) we obtain
q
∫
Ul
h| f |2e−γ dλ
(
1+ 1
a
)∥∥T ∗ f ∥∥2
ϕ1
+ ‖S f ‖2ϕ3 .
Hence, from the Schwarz inequality and from the fact that ϕ − 2ϕ2 −γ , we obtain∣∣(g| f )ϕ2 ∣∣2 
(
1+ 1
a
)∥∥T ∗ f ∥∥2
ϕ1
+ ‖S f ‖2ϕ3 (4.7)
for all f ∈ D(0,q)(Ul). Moreover by Lemma 4.1.3 in [8], D(0,q)(Ul) is dense in DT ∗ ∩ DS for the graph norm f → ‖ f ‖ϕ2 +‖T ∗ f ‖ϕ1 + ‖S f ‖ϕ3 and thus (4.7) also true for all f ∈ DT ∗ ∩ DS .
On the other hand, if f ∈ DT ∗ ∩ DS , we can write f = α + β with α ∈ (Ker S)⊥ , Sβ = 0 in L2(0,q)(Ul,ϕ2). It is easy to see
that α is also orthogonal to the range of T and thus T ∗α = 0. Moreover, since Sg = 0 in Ul we then also have (g|α)ϕ2 = 0.
Therefore
∣∣(g| f )ϕ2 ∣∣= ∣∣(g|β)ϕ2 ∣∣
√(
1+ 1
a
)∥∥T ∗β∥∥
ϕ1
=
√(
1+ 1
a
)∥∥T ∗ f ∥∥
ϕ1
.
Therefore by the Hahn–Banach theorem there exists ua ∈ L2(0,q−1)(Ul, e−ϕ1) with ‖ua‖ϕ1 
√
(1+ 1a ) and
(g| f )ϕ2 =
(
ua
∣∣T ∗ f )
ϕ1
, ∀ f ∈ DT ∗ .
This means that ∂ua = g and since ϕ1  ϕ with equality in Ka and ‖ua‖ϕ1 
√
(1+ 1a ), we have∫
Ka
|ua|2e−ϕ dλ 1+ 1
a
.
Thus, by induction we may ﬁnd a sequence a j ↑ ∞ and ul ∈ L2(0,q−1)(Ul, loc) such that ua j converges weakly to ul in
L2(0,q−1)(Ka, e−ϕ) for every a. It is clear that ∂ul = g in Ul (in the sense of distribution theory). Moreover, we have∫
Ul
∣∣ul∣∣2e−ϕ  1
q
∫
Ul
|g|2
h
e−ϕ  1
q
∫
Ω
|g|2
h
e−ϕ.
If we put ul = 0 outside Ul we can write∫ ∣∣ul∣∣2e−ϕ  1
q
∫ |g|2
h
e−ϕ.
Ω Ω
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∂u = g on Ω and, hence, (4.2) is proved.
Step 2. By Step 1 there is a solution u ∈ L2
(0,q−1)(Ω, e−ϕ) of the equation ∂u = g satisfying (4.2). Write
u = v + w
where v ∈ (Ker∂)⊥ and w ∈ Ker∂ in L2(0,q−1)(Ω, e−ϕ). Hence we get∫
Ω
|v|2e−ϕ 
∫
Ω
|v|2e−ϕ +
∫
Ω
|w|2e−ϕ =
∫
Ω
|u|2e−ϕ  1
q
∫
Ω
|g|2
h
e−ϕ.
It is clear that ∂v = g in L2(0,q−1)(Ω, e−ϕ) with minimal norm (because v ∈ (Ker∂)⊥).
Now, we assume that g has smooth coeﬃcients. If q = 1 then Ω is a pseudoconvex domain and, hence, by the
proof of Theorem 4.2.5 in [8] and the Sobolev lemma, we obtain v ∈ C∞(Ω). Assume that q > 1. We will prove that
v ∈ Ws(0,q−1)(Ω, loc) for all s ∈ N∗ , and hence by the Sobolev lemma then v ∈ C∞(0,q−1)(Ω). Since v ∈ (Ker∂)⊥ so v belongs
to the closure of the range of T ∗ . If f is a (0,q − 1)-form, we set
ϑ f =
∑′
|K |=q−2
n∑
j=1
∂ f jK
∂z j
dzK .
It is easy to see that ϑ2 = 0 and, hence, we have
ϑ
(
e−ϕ v
)= 0, ∂v = g.
This can also be written ∂v = g and
ϑv =
∑′
|K |=q−2
n∑
j=1
v jK
∂ϕ
∂z j
dzK .
Assume that we have already proved that v ∈ Ws0(0,q−1)(Ω, loc), s0 ∈ N∗ . If χ ∈ C∞0 (Ω), we obtain
ϑ(χ v) ∈ Ws0(0,q−2)(Ω), ∂(χ v) ∈ Ws0(0,q)(Ω).
Hence by Lemma 4.2.3 in [8] we get χ v ∈ Ws0+1(0,q−1)(Ω). It follows that v ∈ Ws0+1(0,q−1)(Ω, loc) and, hence, by induction we
have v ∈ Ws(0,q−1)(Ω, loc) for all s ∈ N∗ . The proof is complete. 
The following fact is well known.
Lemma 4.2. Let ϕ be a C1 smooth function on a domain Ω ⊂ Rn. Assume that dϕ = 0 on Ω . Let u  0 be a measurable function on
Ω such that∫
Ω
u dλn < ∞.
Then we have
∫
Ω
u dλn =
b∫
a
( ∫
{ϕ=t}
u dλEt
)
dt,
where dλn is the Lebesgue measure, a = infΩ ϕ , b = supΩ ϕ and dλEt is the surface measure on the surface Et := {z: ϕ(z) = t}.
Proof. By the implicit function theorem and the assumption, we can ﬁnd a covering of Ω by open cubes {U j} j1 such that
for each j there exists 1 k j  n such that ∂ϕ∂xk j = 0 on U j . Now, by using a partition of unity, it suﬃces to prove the lemma
for each U j . Fix j  1, without loss of generality we may assume that k j = 1. By the change of variables Ψ : U j → Ψ (U j)
which is given by
Ψ (x1, . . . , xn) =
(
x′1, . . . , x′n
)
,
where x′1 = ϕ(x1, . . . , xn), x′2 = x2, . . . , x′n = xn . Then a x′1  b and by the formula of the change of variables and the Fubini
theorem we have
L.M. Hai et al. / J. Math. Anal. Appl. 383 (2011) 379–390 389∫
U j
u(x1, . . . , xn)dλ(x1, . . . , xn)
=
∫
Ψ (U j)
u
(
Ψ−1
(
x′1, . . . , x′n
))|dΨ−1(x′1,...,x′n)|dλ(x′1, . . . , x′n)
=
b∫
a
dx′1
( ∫
x′1=ϕ(x1,...,xn)
u
(
Ψ−1
(
x′1, . . . , x′n
))∣∣ ∣∣dΨ−1(x′1,...,x′n)∣∣dλ(x2, . . . , xn)∣∣︸ ︷︷ ︸
dλEx′1
)
=
b∫
a
( ∫
x′1=ϕ(x1,x2,...,xn)
u dλEx′1
)
dx′1
where |dΨ−1(x′1,...,x′n)| is the Jacobian of the inverse transformation of Ψ . The lemma is proved. 
Now we prove Theorem 3.2.
Proof of Theorem 3.2. We consider the following two cases.
Case 1. s > −∞. By subtracting a constant, we may assume that s = 0. We split the proof into two steps.
Step 1. Fix ε > 0 and a smooth (0,q − 1)-form u with compact support on Ω . We will prove that there exist xk ∈ [0, 1k ]
and a ∂-closed form uk ∈ L2(0,q−1)(Ω)∩ C∞(0,q−1)(Ω) such that∫
{ϕ=xk}
|u − uk|2 dλ xk  C
∫
Ω
|∂u|2
h
e−kϕ, (4.8)
where C > 0 is a universal constant. Indeed, since ϕ  0, for every k  1 we have u ∈ L2(0,q−1)(Ω, e−kϕ). We now apply
Lemma 4.1 to the weight function kϕ and ﬁnd that there exists vk ∈ L2(0,q−1)(Ω, e−kϕ)∩ C∞(0,q−1)(Ω), such that ∂vk = ∂u and∫
Ω
|vk|2e−kϕ  C1k
∫
Ω
|∂u|2
h
e−kϕ.
Now we set uk := u − vk . Then clearly ∂uk = 0. Moreover, since ϕ  0 on Ω we deduce that∫
{ϕ<1/k}
|vk|2  Ck
∫
Ω
|∂u|2
h
e−kϕ,
where C = eC1. For every ak ∈ (0,1/k) such that dϕ = 0 on the set {ak <ϕ < 1/k}, by Lemma 4.2 we have
∫
{ak<ϕ<1/k}
|vk|2 =
1/k∫
ak
( ∫
{ϕ=x}
|vk|2 dλEx
)
dx,
where dλEx is the surface measure of the (smooth) hypersurface Ex := {ϕ = x}. Thus there exists xk ∈ [ak, 1k ] satisfying (4.8)
as long as we choose ak close enough to 0.
Step 2. Let {u j} j1 be a sequence of smooth (0,q−1)-forms with compact support on Ω which is dense in C(0,q−1)(Ω) in
the sense that for every u ∈ C(0,q−1)(Ω), every compact K ⊂ Ω , and every ε > 0, there exists j such that supK |u − u j | < ε.
For each j  1, by Step 1, we can ﬁnd x j,k satisﬁes (4.8). Relabeling the set {x j,k: j  1, k 1} as a sequence {xk}k1. Given
u ∈ C(0,q−1)(Ω), by the assumption (iv) we can ﬁnd j such that
sup
Ω ′∩{ϕ<t0}
|u − u j| < ε. (4.9)
By (iii) we have
sup
s<x<t0
∫
′
dλEx = M < +∞. (4.10)
Ω ∩{ϕ=x}
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Ω
|∂u j|2
h
e−kϕ < ε/C .
Then, by (4.8) there exist xk ∈ [0, 1k ] and a ∂-closed form u j,k ∈ L2(0,q−1)(Ω) with smooth coeﬃcients such that∫
{ϕ=xk}∩Ω ′
|u j − u j,k|2 dλExk < ε. (4.11)
Combining (4.9), (4.10), (4.11) we get that∫
{ϕ=xk}∩Ω ′
|u − u j,k|2 dλExk < 2ε(1+ M).
The proof is complete for the case s = 0.
Case 2. s = −∞. Note that d(eϕ) = 0 on Ω ′ ∩ {0< eϕ < et0}. Moreover, eϕ is strictly q-subharmonic in Ω . Therefore, by
applying Case 1 to eϕ , Ω and Ω ′ we get a sequence {x˜k} ↓ 0 such that for every form u ∈ C(0,q−1)(Ω), k0  0 and ε > 0,
there exist k k0 and a ∂-closed form uk ∈ L2(0,q−1)(Ω) with smooth coeﬃcients satisfying∫
Ex˜k∩Ω ′
|u − uk|2 dλEx˜k < ε,
where Ex˜k := {z: eϕ(z) = x˜k}. Put xk = ln x˜k , k  1. It is easy to see that the sequence {xk} satisﬁes the conclusion of the
theorem. The proof is complete. 
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